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The spectrum of frequencies and characteristic times that compose the ringdown phase of gravi-
tational waves emitted by neutron stars carry information about the matter content (the equation
of state) and the underlying theory of gravity. Typically, modified theories of gravity introduce ad-
ditional degrees of freedom/fields, such as scalars, which result in new families of modes composing
the ringdown spectrum. One simple but physically promising candidate is R2 gravity, which effec-
tively introduces an additional massive scalar field that couples non-minimally to gravity, resulting
in scalarized neutron stars. Here we show that the ringdown spectrum of R2 neutron stars is much
richer and fundamentally different from the spectrum in GR, possessing for instance ultra long lived
modes that can propagate away from the star in the form of scalar gravitational radiation.
Introduction.– In recent years the new age of multi-
messenger gravitational wave astronomy has begun with
the detection of gravitational waves from black hole
mergers [1–5], and, in particular, the detection of a neu-
tron star (NS) merger [6], whose electromagnetic signa-
tures have been observed as well [7–10]. With this new
channel of observation, it is possible to directly test the
strong gravity regime. Therefore, the study of the prop-
erties of the gravitational waves emitted from astrophys-
ical sources in well-motivated viable theories of gravity is
of paramount importance.
Gravitational waves from merging compact objects are
expected to exhibit a ringdown phase after the merger.
During this phase, the gravitational perturbations oscil-
late with some characteristic frequencies while being ex-
ponentially attenuated in time with some characteristic
damping time. Theoretically the ringdown phase can be
studied in terms of quasi-normal modes (QNMs) [11–14].
Observationally, however, the precision of the detected
signals is not yet sufficient to extract the QNMs, although
the next generation of instruments is expected to achieve
the necessary sensitivity [15, 16].
The spectrum of QNMs of NSs has been studied in
General Relativity for a long time [17–24]. When the
background spacetime is assumed to be static and spher-
ically symmetric, the perturbations decouple into two in-
dependent channels, the axial (odd-parity) channel and
the polar (even-parity) one. Axial perturbations lead
to pure spacetime oscillations, and include the so called
rapidly damped w-modes [25]. Polar perturbations cou-
ple to the matter of the star, making their spectrum much
richer. In GR there is no gravitational monopolar or
dipolar radiation. Thus NSs typically have a ringdown
spectrum dominated by the quadrupolar pressure-driven
modes consisting of the fundamental f -mode and the ex-
cited p-modes, that are supported by the fluid. They
also feature polar spacetime modes, i.e., another set of
w-modes.
However, these are not all the modes the stars possess.
It is well known that NSs in GR are characterized by a
set of radial normal modes, i.e., not damped modes, that
become unstable modes beyond the maximum mass NS
for a given equation of state (EOS) [26–32]. Clearly in
GR, radial perturbations cannot propagate gravitational
radiation outside of the NS, and thus these modes play
no role during the ringdown phase.
The purpose of this letter is to show that this scenario
changes fundamentally when dealing with NSs in alter-
native theories of gravity, that introduce extra degrees of
freedom in the form of additional fields, which enrich the
spectrum of QNMs even in the absence of matter (for a
review see e.g. [33]). As an interesting example, we here
investigate NSs in R2 gravity. This theory is one of the
simplest f(R) modifications of GR [34], and a candidate
for explaining the accelerated expansion of the universe
[35]. The theory can be formulated as a particular class
of scalar-tensor theories (STTs), where NS configurations
carry a non-trivial massive scalar field, that significantly
changes the properties of these stars [36–40].
Also in theories with gravitational scalar fields axial
QNMs of NSs are pure space-time modes (see [41–45] for
studies in various theories). Polar modes, in contrast,
couple matter, scalar and tensor perturbations, making
them much more interesting and at the same time much
more complicated to study. Therefore the fundamental
quadrupole mode has so far only been obtained in the
Cowling approximation [46–48], where all gravitational
degrees of freedom are frozen. Full calculations have only
been performed for the radial modes of spontaneously
scalarized NSs [49], showing the presence of scalar QNMs
in massless STT, and thus an enriched spectrum with
respect to GR.
In this work we present the first calculation of the full
QNM spectrum of NSs in R2 gravity, without making use
of additional approximations. This allows us to explic-
itly show that the ringdown can be very different from
the standard ringdown of GR and massless STTs: when
perturbing all the degrees of freedom in R2 gravity, the
radial normal modes that are contained inside the star
in GR, turn into QNMs that propagate outside the star.
Interestingly, the frequency of these modes is determined
either by the size of the star or by the Compton wave-
2length of the scalar, whichever is larger.
The theory.– In R2 gravity a quadratic curvature term
of the form aR2 is added to the standard Einstein action,
where a is a positive constant that controls the deviation
from GR. Recasting R2 gravity into a particular Brans-
Dicke STT [38, 39, 50, 51], the resulting action in the
Einstein frame with metric gµν and scalar field φ is given
by
S =
1
16π
∫
d4x
√−g[R−2(∂φ)2−V (φ)+LM (A(φ)2g, χ)],
(1)
where A(φ) = e
−
1√
3
φ
, V (φ) =
3m2φ
2
(
1 − e− 2φ√3 )2 . The
mass of the scalar is related to the parameter a via mφ =
(6a)−1/2. The corresponding field equations are
Gµν = T
(S)
µν + 8πT
(M)
µν − V (φ)gµν/2 ,
∇µ∇µφ = −4π 1
A
dA
dφ
T (M) +
1
4
dV
dφ
, (2)
whereGµν = Rµν− 12Rgµν , T
(S)
µν = 2∂µφ∂νφ−gµν∂σφ∂σφ
and T
(M)
µν = (ρ + p)uµuν + pgµν (i.e., the stress-energy
tensor for a perfect fluid with energy density ρ, pressure
p and 4-velocity uµ). The relation between the energy
density and the pressure is determined by an EOS in the
Jordan frame [38, 39, 50, 51], thus we have ρˆ = ρˆ(pˆ), with
p = A4pˆ, ρ = A4ρˆ.
The background.– For static and spherically symmetric
NSs we employ the standard Ansatz for the metric ds2 =
g
(0)
µν dxµdxν = −e2ν(r)dt2+ e2λ(r)dr2 + r2dΩ2. The scalar
field, energy density and pressure are simply given by
φ = φ0(r), ρˆ = ρˆ0(r) and pˆ = pˆ0(r), respectively, while
the four-velocity of the static fluid is u(0) = −eνdt. Inside
the star, the equations for the static functions reduce to
a system of first order differential equations for {λ, ν, pˆ},
and a second order differential equation for φ0.
As usual, the NS configuration satisfies regularity at
its center and at the border, defined by the point r = Rs
where the pressure vanishes, pˆ0(Rs) = 0. Outside the NS
there is no fluid, thus pˆ0 = ρˆ0 = 0. Asymptotically flat
solutions possess a non-vanishing scalar field outside the
star that decays exponentially with φ ∼ 1r e−mφr. Asymp-
totically, the background metric is essentially given by
the Schwarzschild solution, with e2ν = e−2λ ∼ 1−2M/r,
where M is the total mass of the NS.
Polar perturbations.– We assume a mode-expansion of
the perturbation in terms of the spherical harmonics Ylm
(with integer l, m) and the complex wave frequency ω,
where ω = ωR + i/τ with ωR, τ ∈ R, corresponding to
the characteristic frequency and characteristic time of
the mode, respectively. Hence the perturbations of each
field can be written as ψ = ψ0 + ǫ
∑∫
dωeiωtδψ, with
the fields ψ = {g, u, φ, ρˆ, pˆ} being the metric, 4-velocity,
scalar field, energy density and pressure, respectively,
perturbed up to first order in ǫ. The sum is over all l
and m.
The perturbation can be further separated into axial
and polar parts, depending on the transformation of the
angular component under parity [11–14, 52].
Focusing on the polar channel, the metric per-
turbation is given by δg =
[
rle2νH0Ylmdt
2 −
2iωrl+1H1Ylmdtdr + r
le2λH2Ylmdr
2 + rl+2KYlmdΩ
2
]
;
the 4-velocity perturbation is δu = 12r
leνH0Ylmdt +
rliωe−ν
(
eλW/r − rH1
)
Ylmdr − iωrle−νV1(∂θYlmdθ +
∂ϕYlmdϕ); for the scalar field, energy density and pres-
sure perturbations, we have δφ = φ1Ylm, δρˆ = E1Ylm
and δpˆ = Π1Ylm, respectively.
Introducing this Ansatz for the perturbations in the
field equations (2), one obtains a system of ordinary
differential equations (ODEs) in r, characterized by
the eigenvalue ω and the multipole number l. After
some tedious algebraic manipulations and introducing
the function, X = ω2 (pˆ0 + ρˆ0) e
−νV1 − 1r dpˆ0dr eν−λW +
1
2 (pˆ0 + ρˆ0) e
νH0 [53], one can show that the minimal sys-
tem of ODEs is given by a set of six first order ODEs
for the functions Ψ = {K,H1,W,X, φ1, dφ1dr }, taking the
form
d
dr
Ψ+ σΨ = 0 , (3)
where σ is a matrix that depends in a complicated way
on the static functions {ν, λ, φ0, pˆ0, ρˆ0}, the eigenvalue ω
and multipole number l.
Note that inside the star, the perturbation is described
by the functions {K,H1}, parametrizing the metric per-
turbation, {W,X}, parametrizing the fluid perturbation,
and {φ1, dφ1dr }, representing the scalar field perturbation.
Outside the star, since there is no fluid pˆ = ρˆ = 0, also
W = X = 0, and the system reduces to four first order
ODEs for {K,H1} (metric) and {φ1, dφ1dr } (scalar).
Note that in R2 gravity all perturbation equations are
coupled with each other. In the GR limit, formally ob-
tained when mφ → ∞, the scalar field vanishes and the
system of ODEs decouples into two parts, one for the
metric and fluid perturbations, and the second for the
scalar field perturbation. The latter is simply given by
the minimally coupled scalar test field equation of GR.
Asymptotic behaviour of the gravitational wave.–
At infinity, the massive scalar field is suppressed
exponentially. Therefore the scalar perturbation is
effectively asymptotically decoupled from the metric
perturbations. Sufficiently far from the star, the pertur-
bation can thus be described in terms of two decoupled
Schro¨dinger-like equations
d2Zg,s
dy2 = (Gg,s(r) − ω2)Zg,s,
with tortoise coordinate dydr = e
λ−ν : one for gravita-
tional perturbations (given by the potential Gg(r) =
2(r−2M)
r4(nr+3M)2
(
n2(n+ 1)r3 + 3Mn2r2 + 9M2nr + 9M3
)
,
with n = l(l + 1)/2, and Zerilli function Zg(r), which is
a linear combination of the functions H1 and K [54]),
and the other one for scalar perturbations (with the
potential Gs(r) =
(
1− 2Mr
) (
2
r2
(
n+ Mr
)
+m2φ
)
and
function Zs(r) = φ1(r)/r
l).
For space-time perturbations the potential goes to zero
at infinity, Gg(r → ∞) → 0, implying that waves trav-
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FIG. 1. Fundamental l = 0 p-mode: frequency ωR in kHz
(top) and inverse damping time 1/τ in 1/ms (bottom) vs the
total mass of the star M in M⊙ for several scalar masses mφ,
and SLy EOS. For comparison the GR and STT (mφ = 0)
modes are shown.
eling away from the star behave like Zg ∼ eiωy. How-
ever, for scalar perturbations, the potential goes like
Gs(r → ∞) → m2φ, implying that outgoing scalar waves
behave like Zs ∼ eiΩy, with Ω given by Ω2 = ω2 −m2φ.
To calculate the QNMs, we first obtain numerically
the background solution solving the static equations on
a compactified coordinate x = rRs+r [55]. Then the per-
turbation equation (3) is integrated for two independent
solutions from the center of the star up to some point
ri > Rs. We choose this ri so that φ0(ri) . 10
−4.
The QNMs are determined by matching at r = ri these
two solutions of eq. (3) with outgoing wave solutions of
the Zerilli and scalar perturbations for the Schwarzschild
background.
Ultra long lived modes.– The presence of the scalar de-
gree of freedom in R2 gravity leads to a much richer spec-
trum of modes as compared to GR. Let us first focus on
l = 0 modes, that contribute to the gravitational radia-
tion of the star in R2 gravity. Essentially there are two
families of modes, that we name according to their GR
limits as pressure-led p-modes, related to oscillations of
the NS matter, and scalar-led s-modes, related to oscil-
lations of a minimally coupled scalar field in GR.
In GR, the p-modes and the s-modes are completely
decoupled. They form the spectrum of two different
perturbation equations. The p-modes represent normal
modes in GR, since these radial fluctuations cannot prop-
agate outside the star. The fundamental p-mode becomes
a zero mode for the maximum mass neutron star, and
an unstable mode beyond the maximum mass. When a
scalar field is minimally coupled to GR, s-modes arise,
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FIG. 2. Fundamental l = 0 p-mode (black) and s-mode
(green): frequency ωR in kHz (top) and inverse damping time
1/τ in 1/ms (bottom) vs Compton wavelength Lφ = 1/mφ in
km for fixed central pressure p0, and SLy EOS. For compar-
ison (top) the inverse of the star radius Rs (red) and of the
Compton wavelength Lφ (orange) are shown together with
Lφ = 2Rs (grey).
that do propagate outside the star. These s-modes are
damped QNMs.
Since in STTs the scalar field is a gravitational degree
of freedom, intimately coupled with the tensor degrees of
freedom, the GR p-modes turn into pressure-led modes,
that are no longer pure normal modes. Indeed, the scalar
field allows for gravitational l = 0 radiation. In the pres-
ence of a gravitational scalar field the p-modes then turn
into damped QNMs. This is demonstrated in Fig. 1 for
the fundamental l = 0 p-mode in GR (black) and in a
STT with a massless scalar field (blue), for the SLy EOS.
The fundamental p-mode is also shown in Fig. 1 for
R2 gravity for several values of the scalar mass mφ in the
range of ultra light scalars. The here considered masses
reside in the allowed range of the free parameter of the
theory. Note that the observational bound [56, 57] for R2
gravity requires mφ & 10
−13 eV. For large scalar mass
mφ, GR is approached. In fact, for mφ & 10
−9 eV little
deviation from GR is observed.
The figure shows, that in this range of scalar masses
the frequency ωR of the p-mode undergoes a fundamental
change: for larger mφ the dependence on the NS mass is
similar to GR, except that higher maximal NS masses are
reached, whereas for smaller mφ the frequency becomes
rather independent of the NS mass, except in the region
close to the maximal NS mass. This change occurs pre-
cisely when the Compton wavelength Lφ = 1/mφ of the
scalar field matches the size of the star, Lφ = 2Rs.
This is illustrated in Fig. 2, where for a family of stars
with fixed central pressure the Compton wavelength Lφ
4is varied. Clearly, for small Compton wavelength Lφ the
scale for ωR is set by the size of the star (red), whereas for
large Lφ it is set by the mass of the scalar field (orange).
As noticed previously [38] the scalar field increases
in significance with increasing Compton wavelength Lφ.
This also holds for the pressure perturbations. For small
Lφ the pressure perturbations are almost decoupled from
the scalar perturbations, and the p-mode is very close to
GR. Thus for the pressure modes the pressure pertur-
bation functions are larger than the scalar ones. This
changes when the Compton wavelength Lφ exceeds the
size of the star. Then the equations are strongly coupled,
and the amplitudes of the pressure and scalar perturba-
tion functions are of the same order.
The imaginary part of the p-mode, ωI , on the other
hand, remains extremely small within the allowed range
of mφ. Our calculations indicate that the decay time τ
is larger than 104 y. Thus these modes are ultra long
lived. In contrast to long lived modes of black holes [58]
the modes continue to exist all the way up to the limit
mφ → ∞, where they become normal modes of the GR
stars.
The s-modes are stable QNMs in R2 gravity. The fun-
damental s-mode is also shown in Fig. 2. Its frequency is
always set by the Compton wavelength Lφ. Thus the fun-
damental p-mode and s-mode frequencies are very close
for Lφ & 2Rs. The decay time τ is, however, very dif-
ferent for both types of modes. In contrast to the ultra
long lived p-modes the s modes have a decay time on the
order of ms.
The quadrupolar fundamental mode.– The l = 2 fun-
damental mode may be the most interesting mode with
regard to astrophysical scenarios, since simulations (in
GR) show that it tends to dominate the ringdown spec-
trum after a merger. Previously an analysis of this mode
has been done only in the Cowling approximation in R2
gravity [48].
In Figure 3 we show the frequency ωR (top) and the
damping time τ (bottom) for the l = 2 fundamental
mode, i.e., the f -mode, for several values of the scalar
mass mφ, using the SLy EOS. Also shown are the corre-
sponding results for GR (black) and a STT with mφ = 0
(blue). The chosen mass values are again in the physi-
cally interesting range, mφ = 1.08, 0.343, 0.108, 0.0343
and 0.0108 neV, compatible with current observations
and constraints [57]. Note that for 1.08 neV the values
are very close to GR already, and values below mφ = 1
peV do not deviate much from the mφ = 0 ones.
In general, we observe that the frequency and the
damping time do not change drastically, typically varying
within 10% of the GR value. This behaviour is reminis-
cent of previous observations for axial modes [45]. Fig. 3
shows that a decrease of the scalar mass mφ leads to a
decrease of the frequency, except for low values of the
NS mass M (close to 1M⊙), where the frequency rises
slightly above the GR value. A decrease of mφ leads also
to a decrease of the damping time τ .
Comparing the results from the Cowling approxima-
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FIG. 3. l = 2 fundamental mode: frequency ωR in kHz (top)
and damping time τ in s (bottom) vs the total mass of the
neutron star M in M⊙ for several scalar masses mφ, and SLy
EOS. For comparison the GR and STT (mφ = 0) modes are
shown.
tion [48] with the full calculations, we note, that the
dependence of the frequency on the scalar mass mφ is
much smoother now. In the Cowling approximation,
the frequency for the larger values of mφ first increases
with decreasing mφ, and decreases (mostly) only for the
smaller values of mφ in the considered mass range. This
shows the relevance of performing the full calculations
also for the f -mode, apart from obtaining the decay time,
of course.
Conclusions.– The spectrum of gravitational waves
emitted from NSs in R2 gravity is much richer than the
corresponding GR spectrum, since the theory effectively
introduces an additional scalar degree of freedom. Conse-
quently, the quadrupole modes of GR are modified, turn-
ing into gravitational-led modes. These are augmented
by a new class of gravitational modes, the scalar-led
quadrupole modes.
Moreover, we have shown that a novel type of monopo-
lar gravitational radiation arises, not present in GR nor
in massless STTs. The radial normal modes of the NS
matter in GR turn into propagating QNMs in R2 gravity.
For scalar Compton wavelength below the size of the star,
Lφ < 2Rs, the frequency of this QNMs is determined by
the size of the star, whereas for Lφ > 2Rs the scalar
Compton wavelength sets the scale for the QNM fre-
quency. Intriguingly, these modes are ultra long lived in
the physically relevant viable range of the scalar mass. In
fact, these frequencies pass precisely the LIGO/VIRGO
sensitivity window. The pressure-led modes are again
augmented by scalar-led modes, which, in contrast, pos-
sess damping times in the range of ms.
The next steps will be to further complete the spec-
5trum of QNMs in R2 gravity, and to address NS univer-
sal relations for the polar modes. Then effects of rotation
should be included, which may mix the monopolar and
quadrupolar modes, due to the reduction of symmetry.
Numerical simulations of mergers in GR show that the
gravitational wave emission after the merger is described
as a ringdown dominated by three modes [59, 60]. Two
of these modes are usually interpreted as the fundamen-
tal mode and first excitation of a mixture of the radial
modes of the star and the fundamental quadrupolar mode
[61]. While merger simulations have mainly been done in
GR, recently an effective model was used to estimate the
merger of NSs in R2 gravity [62], observing two modes
that dominate the ringdown. It will be interesting to
analyze and interpret the dominant frequencies in full
models of mergers in R2 gravity, and their dependence
on the mass of the scalar field.
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